One major puzzle of science today is why quantum effects are not apparent in the macroscopic world even though they are manifest microscopically. The quintessential example is double slit interference where the fringe spacing becomes imperceptibly small with increasing mass. However, reflection of a microscopic particle from a macroscopic 'mirror' generates correlated interference from the incident and reflected particle substates and their associated mirror substates, with the mirror fringe spacing determined by the exchange of momentum with the particle which either has or has not reflected. This microscopic momentum difference generates two mirror substates which interfere to produce perceptible fringes even for a macroscopic mirror. Small mirror coherence lengths impose constraints on the extent of this interference, which is mitigated using interference of the two-body states associated with the particle reflecting from both of the surfaces of a slab of matter in a manner analogous to the classical interference of a pulse of light reflecting from a 'thin film'. This multiple two-body correlated interference is modeled as a particle traversing a finite barrier or well. Transfer of coherence from the particle to the mirror during reflection is also described and related to its classical counterpart. Such mechanisms could extend measurements of the quantum-classical boundary to larger masses.
I. INTRODUCTION
Correlation and interference distinguish quantum from classical mechanics. The former is manifest in the measurement of many-body coincidences predicted by a quantum joint probability density function (PDF). The latter is most familiar as a one-body PDF for an outcome that can be achieved in at least two indistinguishable ways. However, interference can also be generated by superposing many-body states in indistinguishable ways [1] . Experimental confirmation of quantum correlation has involved photons [2] , atoms [3] , and Josephson phase qubits [4] .
The boundary between the classical and quantum regimes continues to be an area of interest both in attempts to explain why quantum effects are difficult to measure on a macroscopic scale [5] and in attempts to measure quantum effects on a macroscopic object [3, 6, 7] . Reflection measurement methods used in an attempt to extend this boundary involve light interacting with stationary [8] and oscillating mirrors [9] and with microwaves interacting with an oscillating mirror [10] . Reflection of a single photon from an oscillating mirror [11] and using a Bose Einstein condensate as a mirror from which photons reflect [12] have also been studied.
To extend this boundary to larger masses, we model correlation of a macroscopic 'mirror' with a non-zero rest mass microscopic 'particle' after reflection. Motion is in free space along one dimension and all states are unbound. Measurements of particle reflection, but not associated with correlated interference, have involved atoms reflecting from a solid surface [13] , neutrons [14] and atoms [15] reflecting from vibrating mirrors, and atoms reflecting from a switchable mirror [16] .
If the particle and mirror are initially in eigenstates of energy then the following two states interfere: the particlemirror state before the particle reflects from the mirror and the particle-mirror state after reflection (interference is a consequence of the incident and reflected states being indistinguishable for a measurement of position). This is similar to the standing wave interference of a harmonic electromagnetic wave reflecting from a stationary mirror [17] . Classically, however, the incident and reflected waves interfere while the mirror experiences only a continuous force due to radiation pressure.
The two-body quantum analogy involves solving the Schrödinger equation with an interaction potential modeling the reflection. Interference is expected between the incident and reflected particle substates along with interference of the mirror substates which have and have not reflected the particle. Their correlation is perhaps not expected, being a consequence of the solution to the Schrödinger equation from which a joint PDF is constructed. This then describes the correlations in the two-body interference which are manifest as coincidence rates, e.g. a correlation in the simultaneous measurement of particle and mirror positions.
Any experimental realization of such an interferometer will involve wavegroups. While the coherence length for the particle currently can be as large as 10 −6 m for atoms released from a Bose-Einstein condensate, that for a macroscopic mirror will be many orders of magnitude smaller. However, the coherence length of the two-body state involves that from both the particle and mirror substates. The two-body interference in reflection from a mirror is then limited spatially and temporally in a manner similar to that of a pulse of light reflecting from a moving mirror.
Classical interference in reflection is more robust when the pulse of light reflects from a moving thin film for two main reasons: first the reflected pulses from each thin film surface maintain overlap as they both travel in the backward direction and second they both have the same Doppler shift (since they reflect from interfaces moving at the same speed). Interference is then limited by a pulse coherence length of order the film thickness.
To achieve such robust two-body quantum interference we consider the analogous situation of a neutron reflecting from the two surfaces of a moving aluminum 'slab.' It is shown that the two-body interference has the same robust characteristics as does a pulse of light reflecting from a moving thin film. It is also shown that the effect of the coherence length of the slab on the two-body interference is dramatically reduced in comparison with that of a mirror reflection.
The quantum interpretation of interference differs from that classically. Under conditions of destructive interference the particle and slab will never simultaneously be observed while classically only the pulse of light will never be observed.
A synopsis of this work is as follows. First the Schrödinger equation is solved for the two-body energy eigenstates of a particle reflecting from a moving mirror. This is followed by a discussion of conservation of probability. Wavegroups formed from these solutions are then used to illustrate interference in reflection with an emphasis on variations in coherence lengths of the mirror. Coherence transfer from the particle to the mirror is also demonstrated and related to classical reflection. Two models are next developed for two-body reflection of a particle from a moving slab, whose classical analog is that of reflection of a pulse of light from a moving thin film. The first model simply approximates the surface reflections as delta function potentials which split the wavefunction. The second model treats the slab as a barrier over which the particle traverses. The effects of the coherence lengths of both the particle and slab on a practical measurement of interference for a macroscopic slab are then discussed. Measurement of the slab but not the mirror is also considered.
II. PARTICLE-MIRROR INTERACTION

A. Two-body Schrödinger equation solutions
Before reflection, the solution to the Schrödinger equation for the non-interacting particle-mirror state is
where x 1 and x 2 are the particle and mirror positions along the x-axis while k and K are the wavevectors for the particle and mirror respectively; k = mv/h and K = M V /h with masses m, M , and initial velocities v and V , respectively. A wavegroup constructed from such uncorrelated particle-mirror states then leads to predictions about the probability of simultaneously finding the particle at x 1 and mirror at x 2 . The particle-mirror interaction is modeled as a moving delta function potential where reflection is assumed to occur at the center of mass (cm) of the mirror with the Schrödinger equation given by
where square brackets are used to indicate the argument of a function. The mirror reflectivity, related to β, goes to infinity for a lossless mirror. The solution yields an energy eigenstates for the particle-mirror interaction ('harmonic wavefunctions'), for which neither the particle nor the mirror is localized.
A separable solution to the two-body Schrödinger equation results from a transformation to the center of mass and relative (rel) system (not to be confused with the cm of the particle or mirror). This does not change the total energy,
where
reduces the Schrödinger equation to two ordinary differential equations:
−h 2µ
The particle-mirror solution must vanish at x 1 = x 2 to satisfy the boundary condition at the mirror and not exist for x rel < 0 (or x 1 > x 2 ) since the particle cannot move through the mirror (for the uncorrelated incident state, however, there is no interaction and the particle can move past the mirror).
In this transformed system, a solution which satisfies this boundary condition is constructed from the superposition of incident and "reflected" wavefunctions,
where θ[x rel ] is the unit step function. The only difference between the arguments of the two exponentials is the sign of the relative wavevector K rel which, due to reflection in the relative coordinate, is negative. That is,
where the initial velocities must allow reflection to occur. The solution to eqn. 2 is given by
The complete solution is then Ψ[x cm , x rel , t] = ψ cm ψ rel . In this separable system the probability density is
The cm-rel transformation does not give a solution for a physically realizable system. There exists no particle with a reduced mass, for example. Nevertheless, its utility lies in inverting the solution from cm and relative substates into particle and mirror substates. This yields a correlated particle-mirror state. An example of this procedure is found in the solution to the hydrogen atom where the Schrödinger equation is first transformed from the laboratory to the cm-relative coordinates yielding uncorrelated substates. However, expressing this result in the electron and proton substates reveals a correlation between them [18] .
This change of partition is accomplished by the following substitutions in the separable solution given in eqn. 7: This transformation applied to eqn. 7 yields
This is similar to Gottfried's result for the interference obtained in the correlation between two particles produced in a momentum-conserving decay after each has traversed separate double slits [1] . Note also that the interference given in eqn. 8 couples particle and mirror variables, illustrating how many-body states interfere with themselves rather than each substate interfering only with itself [19] . Measurement of such a prediction involves preparation of the initial state, adjusting the instruments to measure both positions x 1 and x 2 simultaneously, making the measurement, and then repeating this procedure over an ensemble to build a distribution.
To illustrate how this leads to a measurement of the mirror fringe spacing, first the apparatus is set to always measure the particle at fixed position x 1 while the mirror's cm is measured at different positions x 2 for different members of the ensemble at the same time. Using the approximation m/M << 1 in eqn. 8 leads to interference fringes for the macroscopic mirror's cm which vary from maximum to minimum through a distance
Similarly, by always measuring the mirror at fixed x 2 while varying the measurement position of the particle x 1 for different members of the ensemble, this approximation leads to interference fringes for the microscopic particle's cm which vary from maximum to minimum through a distance ∆x 1 = ∆x 2 . For a static mirror both the mirror and particle fringes are spaced at half the deBroglie wavelength of the particle, which can be up to 10 −6 m for ultra cold atoms [6] .
One issue predicted here, fundamental to extending the quantum-classical boundary, is that of interferometric effects which do not become imperceptible in the limit of large mirror mass. Such effects are surprising in comparison with the imperceptible fringe spacing for a massive particle traversing a double slit.
To understand why fringe spacing in reflection is robust with respect to variations in M consider simplifying the two-body state into two one-body states. The first consists of the wavefunctions of the incident and reflected particle. The second consists of the mirror wavefunctions before and after reflection of the particle, both of which travel in the same direction but with different momenta.
In the case of a mirror whose speed is close to zero, superposition of these particle states results in a "standing wave" with nodes or fringes spaced at about half the particle deBroglie wavelength. Superposition of the moving mirror states, on the other hand, forms a fringe spacing commensurate with the difference in momentum between the incident and reflected particle states. The larger the mass of the mirror the smaller the change in velocity of the mirror upon reflection. Yet the difference in momentum between the mirror before and after reflection remains the same, depending only on the change in momentum of the particle and not on the mass of the mirror. It is this difference in mirror momenta which leads to the phase difference ∆K x 2 when superposing these two mirror wavefunctions. That is, the mirror fringe spacing is only determined by the change in particle momentum since conservation of momentum in reflection requires ∆K = −∆k.
The energy difference between these mirror states is negligible for a mirror which is initially stationary. Therefore, the "beat" frequency goes to zero in the limit of large mirror mass while the difference in momenta of these mirror states, although small, remains finite. It is this small but finite difference in wavevectors for the two mirror states that yields fringes which are perceptible even for a macroscopic mirror mass While this simplified model, reducing a two-body state into two one-body states, demonstrates why interference for a macroscopic mirror mass does not become imperceptible as m/M → 0, it does not account for the correlation given by the exact solution in eqn. 8, which is inherently a two-body effect.
Double slit interference with a macroscopic object, on the other hand, superposes two one-body states with the same momentum whose difference in phase, K∆x, is due to the difference in path lengths, ∆x, from each slit to the measurement point times an extremely large wavevector, resulting in an imperceptible fringe spacing. This is to be compared with the mirror phase difference ∆K x 2 where ∆K is small, resulting in a perceptible fringe spacing.
B. Conservation of probability
This two-body correlated wavefunction conserves probability as is illustrated next. The probability of measuring the particle at (x 1 , t) and the mirror at (x 2 , t) is then given by P DF [x 1 , x 2 , t]dx 1 dx 2 with the joint PDF determined by the solution of equation 2 as ΨΨ * . Using this equation, conservation of probability can then be expressed locally as,
While the expressions for these current densities appear similar to that for one particle systems there are subtle but important differences for a two-body system [20] .
Multiplying equation 10 by dx 1 dx 2 , integrating over the segment from a to b along the x-axis (a ≤ x 1 ≤ b and a ≤ x 2 ≤ b), and then rearranging terms yields a solution to equation 10 if
This is most easily interpreted using an ab by ab rectangular region aligned along the x 1 and x 2 axes. The time rate of change in probability within this region is determined by the change in flux of probability out along the
. Since these fluxes in general vary spatially they have to be integrated over this variation along the rectangle boundaries.
FIG. 1: Joint probability density snapshots for three sequential times vs coordinates (x2, x1). The lower PDF waveform moves toward the diagonal white line, corresponding to x1 = x2, then reflects in the middle snapshot where the incident and reflected two-body wavefunctions 'overlap', and finally it moves away from the diagonal in the upper snapshot. The upper left inset is a schematic of the 'classical' analog before reflection while the upper right inset is that after reflection with initial and final particle and mirror velocities v, V , v f , and V f respectively. There is no classical analog for the middle snapshot.
Numerical integration of the PDF data is consistent with conservation of probability. This is expected since these waveforms satisfy the Schrödinger equation upon which the conservation law is based. C. Two-particle wavegroup results: particle-mirror interaction
Reflection of wavegroups
To better understand the experimental consequences of these results, wavegroups are next formed from a superposition of the incident and reflected 'harmonic wavefunctions' (given in eqn. 4) expressed in terms of the particle and mirror substates. An analytic expression for such wavegroups can be obtained for a Gaussian distribution in wavevector components k and K. For the mirror this is proportional to exp[
where the peak of the distribution is at K 0 and ∆K is its width while for the particle this is proportional to exp[−(k − k 0 ) 2 ]/(2∆k 2 ) where the peak of the distribution is at k 0 and ∆k is its width. The incident wavegroup propagates in the (x 1 , x 2 ) plane along a line whose slope is determined by a ratio of the group velocities of each substate and spreads due to dispersion independently in each direction.
In fig. 1 snapshots of the two-body probability density function are shown at three times for M/m = 100, ∆K/∆k = 2, and K/k = 60. A slice of fig. 1 for x 1 = 0 along the x 2 coordinate is shown in fig. 2 (the solid line) along with a slice of this fig. for x 2 = 0 along x 1 (the dashed line) for different bandwidth wavegroups. This fig. illustrates that the fringe spacing for the particle and mirror substates with narrow bandwidth wavegroups, are essentially the same for the particle and mirror substates, as discussed for the approximation M/m >> 1 following eqn. 9.
Verification of such correlated interference requires simultaneous measurement of the particle and cm of the mirror with instruments having a spatial resolution smaller than the fringe spacing. For a static mirror this spacing is half the deBroglie wavelength of the particle, which at 5000Å for ultracold atoms [6] satisfies this requirement while it is dubious at 1.4Å for slow neutrons [21] .
Another constraint on the interference illustrated in fig. 1 is that the fringe visibility function must be nonzero. That is, the incident and reflected particle-mirror wavegroups must 'overlap.' The interference fringes are then determined predominately by a superposition of 'harmonic wavefunctions' [22] . For example, the interference shown in fig. 1 is determined predominately by eqn. 8 when the wavegroups 'overlap' in the center snapshot. The longitudinal coherence lengths for both the particle and mirror are greater than the fringe spacing in this figure. In the upper fig. 1 which show the fringe spacing along the x2 axis for x1 = 0 (dashed lines) and along the x1 axis for x2 = 0 (solid lines). The x1 axis has been inverted to display both the dashed and solid lines together.
Although each graph has ∆K/∆k = 2 the value of ∆K increases sequentially by a factor of 2 from the front to the back.
snapshot there is neither 'overlap' nor such interference. The fringe visibility function is non-zero if each wavegroup substate 'overlaps' within approximately a longitudinal coherence length [23] , which is given by l c ≈ λ 2 /∆λ = λV /∆V [24] . For particle substates this can be l particle c = 10000Å for ultracold atoms [6] or l particle c = 790Å for slow neutrons [21] .
If the uncertainty in the mirror velocity is determined by its thermal equilibrium with the environment then
This expression is consistent with results for ultra-cold atoms in a Bose-Einstein condensate [6] .
In the interference region, simultaneous measurement is approximately confined both to a spatial region determined by the two coherence lengths and a temporal region given by the time during which the wavegroups overlap. The former is small for macroscopic mirror masses while the duration of the interference is essentially determined by the speed of the particle and its coherence length which is approximately equal to l . One method, discussed below, to reduce these coherence length limitations is with multiple such two-body states. First however, the effect of variations in mirror coherence lengths on the correlated interference shown in fig. 1 is illustrated. Fig. 3 illustrates how variation in the longitudinal coherence length of the mirror substate affects the particle-mirror interference with fixed particle coherence length. Part (a) shows a longer mirror coherence length than is used in fig.  1 while parts (b) through (d) progressively reduce the coherence length of the mirror substate. One might expect that the small coherence length associated with a macroscopic mirror mass would not allow for the interference shown in fig. 3 (a) or (b) .
Mirror coherence length variation
In fig. 3 (d) the coherence length of the mirror is so small that overlap is prevented over a range of x 1 values where it was present before. Nevertheless, a slice along the x 2 axis for measurement of the particle at a particular value of x 1 indicates a splitting of the mirror substate into two states which do not overlap and are therefore distinguishable. This splitting is a consequence of two ways that the particle could have reached x 1 . It could have come from the incident or reflected particle wavegroup substates due to the large particle coherence length. As the mirror's coherence length increases the wavefunctions associated with these two ways overlap and generate correlated interference as shown in fig. 3 (a) . As the mirror's coherence length decreases the position of the mirror before reflection is distinguishable from that after reflection resulting in no interference, as shown in fig. 3 (d) for x 1 < −100. 
Coherence transfer: particle-mirror interaction
After reflection the spatial width of the mirror wavegroup substate is exchanged with that of the particle when M = m. This is most easily seen by constructing a particle-mirror wavefunction with different bandwidths for the particle and mirror wavegroup substates, shown in fig. 4 which is a contour plot of joint PDF's similar to figure 1 but without the middle snapshot in the interference region. The solid and dashed contours correspond to M/m = 1 and M/m = 20 respectively with the spread in velocities given by ∆V /∆v = 10.
This result can be understood by comparing classical and quantum reflection. In a one-dimensional classical collision, conservation of energy and momentum require an exchange of particle-mirror velocities independent of either velocity for m = M . This is manifest quantum mechanically in the exchange of commensurate wavefunction parameters k and K between the incident and reflected two-body wavefunctions.
If an incident particle substate, consisting of only one harmonic component (corresponding to speed v) reflects from a mirror substate with many velocity components, then each harmonic component of the mirror substate (corresponding to different values of V ) reflects the particle substate and therefore acquires velocity v while the reflected particle substate acquires different velocity values for each reflected component of the mirror substate. This results in the reduction of the mirror bandwidth and an increase in the particle bandwidth, which is manifest in fig. 4 as the exchange of incident and reflected wavegroup shapes. It also is responsible for the distortion of the reflected wavegroup shape in fig. 1 .
Experimentally confirming coherence transfer involves reflection with disparate coherence lengths. On a microscopic scale, this could be observed when an atom which has been cooled to ultracold temperatures retro-reflects from the same type of atom which has a shorter coherence length. The transfer of coherence might then be monitored not by a measurement of the PDF but rather by its coherence properties via interferometry. A more useful implementation for increasing the coherence length of larger objects could involve a group of Bose-Einstein particles (the condensate), whose total mass is similar to that of the mirror, retro-reflecting'coherently' from a mirror as 'one particle' rather than a collection of individual particles.
III. MULTIPLE TWO-BODY STATES: OVERVIEW
To mitigate both spatial and temporal fringe localization in reflection due to a small mirror coherence length, consider interference of multiple such two-body states: a one-dimensional example of which is the interference from the reflection of a neutron by each of the two surfaces of a moving aluminum 'slab'. The two-body PDF's associated with two models of such reflection are calculated below. The first, presented in the next section, simply approximates each weak surface reflection as being due to a delta function potential which allows for both transmission and weak The results from this simple model then corroborate those from a more accurate model, given in section V, involving a two-body treatment of a particle interacting with a finite barrier or finite well. The delta function 'beam splitter' model is included to focus attention on the physics associated with generating multiple two-body states. The more accurate finite barrier or well treatments conceal the fundamental physics but yield similar results. In essence, the latter incorporates multiple reflections along with the appropriately modified wavevectors between the surfaces of the slab while the former does not. The results of the simpler delta function model approach those of the finite barrier-well model as the reflections from the slab interfaces become weaker.
The classical analogy for the neutron reflecting from each of the two surfaces of a moving aluminum 'slab' is that of a short pulse of light reflecting from a moving thin film. As the film's thickness, speed, or the average wavelength of the incident pulse changes, the reflected pulse intensity then varies as a consequence of the interference between the reflected waves from the two interfaces.
Classically, such thin film interference mitigates both the spatial and temporal fringe localization associated with reflection of a pulse of light from a moving mirror (the analog of the two-body quantum treatment of a particle reflecting from a moving mirror). Interference between the reflected pulse and the pulse incident on the moving mirror is localized spatially by the coherence length of the pulse. The fringes are also temporally constrained by the pulse duration.
However, interference of the two reflected light pulses, one from each surface of the thin film, dramatically reduces this fringe localization for two reasons: first the two reflected light pulses travel in the same direction thereby maintaining spatial overlap and second they experience the same Doppler shift in reflecting from the two interfaces which move at the same speed resulting in fringes which are not time dependent (this is not the case for interference of the incident and reflected pulses from a moving mirror).
For similar reasons, interference of the two-body wavegroup states associated with reflection from each surface of the slab mitigates the fringe localization associated with reflection from a mirror. However, the two-body interference is now between two wavegroups, each analogous to the one shown in the upper snapshot of fig. 1 and each of which corresponds to a reflection from only one surface of the slab and both of which move in the same direction thereby maintaining overlap.
The classical treatment yields interference only for the pulse of light and not the mirror from which it reflects. The two-body quantum treatment presented below yields predictions about correlations in the measurements of both the neutron and slab. Destructive interference of these wavegroups then corresponds to no probability of measuring the neutron and slab along the overlap region. A change in the slab's thickness, speed, or the average wavelength of the incident particle then results in the probability of measuring the neutron and slab at the same time varying between zero and some maximum value, corresponding to constructive and destructive interference.
A pulse of light reflecting from a thin film can also generate a standing wave within the film under appropriate conditions. Two-body wavefunctions can also generate such a "Fabry-Pèrot" resonance which is illustrated below.
IV. MULTIPLE TWO-BODY STATES: MODELING THE SLAB SURFACES WITH TWO DELTA FUNCTION POTENTIALS
Modifying β to split rather than totally reflect the incident wave while including an offset in the delta function argument to model the surface which is offset from the cm of the slab yields the two-body reflected wavefunction. This eigenstate of energy or 'harmonic solution', for each surface reflection, is then superposed to form wavegroups associated with reflection from that surface. Rather than the waveform of the center snapshot in fig. 1 , a waveform analogous to that in the upper snapshot is the focus of this discussion. There are now two such reflected neutron-slab wavegroups, one for each slab surface, which interfere.
Since the neutron either reflects from the first surface or transmits through the first to the second, from which it then reflects, both reflected neutron substates have the same distribution of velocities. Since in each case momentum is transferred to the slab only once for each of these two possible paths (reflection from either the first or second surface of the slab), two associated slab substates are generated, each with the same velocity distribution. This results in two reflected neutron-slab wavegroups traveling at the same speed and direction but offset. Interference requires wavegroup 'overlap' within a coherence length for both the neutron and slab substates.
First the slab cm offset needed for such interference is estimated by the extra slab speed acquired from the first reflection multiplied by the difference in reflection times between the two slab surfaces. The cm slab offset is reduced with larger M and/or smaller m. Assuming −8 m (there is little constraint on the area of this slab and therefore its mass). For slab wavegroup overlap, these neutron-slab parameters, when used for T = 1K, require M > 7 × 10 −25 kg. Having achieved overlap for both the neutron and slab substate wavegroups, the resulting interference is then determined essentially by the harmonic wavefunctions yielding the constant two-body reflected joint probability density
Assuming m/M << 1 and V /v << 1 yields
The slab and reflected neutron will never be simultaneously observed when P = 0 [25] . Such non-local twobody interference is similar to that of a pulse of light retro-reflecting from a thin film where destructive interference depends neither on the locations of the detector nor the thin film. Indeed, in the limits just given these two cases are mathematically identical.
A. Delta function model predictions
The PDF for reflection from the slab is illustrated for wavegroups in fig. 5 using parameters similar to those above: l at T = 1K. The neutron reflects from the first slab surface at x 2 = 0, x 1 = 0, and t = 0. To illustrate the non-local nature of the interference, three snapshots are chosen for times which allow the center of the wavegroup to change position by four orders of magnitude in both the neutron and slab coordinates. Since the spatial size of the neutronslab PDF is limited by small coherence lengths, a graph with a spatial region encompassing all of these points, while still showing the wavegroup structure, cannot easily be generated. Instead 'blow-ups' in the (x 1 , x 2 ) plane of small regions around these points are shown. The snapshots in the upper row have a span in x 1 of 1.6 × 10 −7 m and a span in −9 m. The increase in span is needed since the wavegroup expands over these time scales. The vertical scale therefore decreases from top to bottom rows but is the same within each row so that PDF heights can only be compared within a row.
The only parameter that differs between the graphs in the left and right columns of fig. 5 is the neutron velocity before reflection. It is v = 1448 m/s for the left and v = 1458 m/s for the right column respectively. These two neutron speeds result in either constructive or destructive interference (left or right columns respectively) of the neutron-slab wavegroups which are offset by l neutron c /5 due to reflection from the two slab surfaces. As this offset decreases (e.g. by decreasing D) or l neutron c increases, the PDF goes to zero approaching the destructive interference predicted in eqn. 12 (since m/M << 1 and V /v << 1). Similar calculations also confirm the predictions that there is little effect on the interference from increasing M while changes in v have a significant effect. Note also that the small size of the slab coherence length, l slab c = 4 × 10 −16 m, is much larger than the slab offset due to reflection from the two slab surfaces, 3 × 10 −22 m, and therefore has little effect on the destructive interference. Increasing the mass of the slab changes only the span in the x 2 coordinate of these graphs but not the interference. The parameters in fig. 5 are not chosen to illustrate effective wavegroup destructive interference but rather to show coherence length effects on the interference using experimentally realizable values.
B. Delta function model: measurement of only the slab
Correlated measurements are more difficult to perform than only a measurement of the slab's cm position while making no measurement of the neutron's position. Predictions of such effects are given by an average of the joint PDF over the neutron coordinate converting it into a 'one-body' PDF [1] . For the joint PDF illustrated in fig. 5 , under conditions of destructive interference and for smaller offset of the neutron substates (or larger l neutron c ), such integration results in a low probability of measuring only the slab even if the neutron is not measured. Destructive interference is therefore maintained in the one-body slab PDF.
The analogy between the measurement of a short pulse of light reflecting from a thin film and a measurement of only the slab then has a similar physical interpretation. In both cases the detector need only be placed in the path of the moving slab in one case or the pulse of light in the other case, which leads to a measurement that is independent of the wavegroup size. There is no requirement on the spatial resolution of the detector.
V. MULTIPLE TWO-BODY STATES: MODELING REFLECTION FROM A SLAB WITH A WELL OR BARRIER
A. Overview
The model for a neutron traversing a slab of matter which incorporates multiple reflections, dispersion, and variation in the wavevector inside the slab is determined from the Schrödinger equation given by
where P E[x 1 − x 2 ] is now the potential energy associated with either the well or barrier. Of interest is a solution which yields an energy eigenstate for the particle-well or barrier interaction, for which neither the particle nor the well or barrier is localized. Wavegroups are then constructed from these states. A separable solution to this two-body Schrödinger equation is obtained in a manner similar to that outlined in section II A. The center of mass and relative coordinate transformation yields solutions which are matched at the boundaries and then transformed to the particle-well coordinates.
B. Finite barrier-well energy eigenstates: correlated two-body unbound states
The finite barrier or well (referred to as only the barrier) has potential energy P E (positive for the barrier and negative for the finite well) and extends over a distance D with mass M and initial speed V . This divides space into three regions: before the barrier or "before", in the barrier region or "barrier," and after the barrier or "after." Solutions are first obtained for these three regions in the cm and rel coordinates by solving eqns. 2 and 3.
The solution to eqn. 3 before the barrier consists of incident and reflected wavefunctions given by
where K bef ore = √ 2µE rel /h. The solution in the barrier region also consists of incident and reflected wavefunctions given by
where K barrier = 2µ(E rel − P E)/h. The solution after the barrier consists only of a transmitted wavefunction given by
where K af ter = √ 2µE rel /h. The boundary conditions are continuity of the wavefunctions and their derivatives with respect to x rel at x rel = ±D. These then constrain the coefficients B, F , G, and H with A = 1.
Again, the solution to eqn. 2 is given by eqn. 6. The complete solution is then Ψ[x cm , x rel , t] ∝ ψ cm ψ rel . Since we are interested in predictions about measurements of the particle and barrier rather than measurements of the non-existent reduced mass and total mass "objects," a transformation from the relative and center of mass to the particle-barrier coordinates is required.
In the particle-barrier coordinates the wavefunction's phase, φ, needs to have its temporal part parsed into the kinetic energy of the particle and the kinetic energy of the barrier. This procedure is the same as it is for the particlemirror two-body states as described above. This has to be done separately for each direction of propagation. Now, however, the product of the potential energy part of the total energy with time t in the barrier region must be added to the phase. Such a term has no measurable effect as will be shown next. The wavefunction in the barrier, expressed in the particle-well coordinates, is then and the potential energy P E. The kinetic energy terms are functions of m, M, v, V, P E, andh.
The potential energy term e iP E t/h is a common factor of both the incident and reflected wavefunctions in the barrier. Since the PDF is generated from the wavefunction multiplied by its complex conjugate, such common factors have no effect on the PDF. There is then no need to associate the potential energy part of the total energy with either the particle or the barrier or as a separate term in the phase, P E t/h. The potential energy part of the total energy has observable consequences only parametrically within the momenta and kinetic energies of the particle and barrier. This simple division of the momentum and energy of the particle in the barrier can be contrasted with that of the stress-energy tensor for an electromagnetic wave traversing a dielectric slab [27] .
C. Wavegroup results
Wavegroups are next formed from a Gaussian superposition of the two-body energy eigenstates for the particle and barrier described above. Correlated interference is a consequence of any such superposition. However, we focus the following discussion on the subsets of correlated interference effects which deal with the superposition of two such wavegroups. In particular, emphasis is given to the two-body quantum analogy of a pulse of light reflecting from a thin film: interference from the two-body wavegroups which have reflected from the two surfaces of the slab. At the risk of distracting from this main topic, correlated interference from multiple reflections within the barrier are also discussed.
Particle finite barrier-well wavegroups
The wavegroup for the particle and barrier or finite well is calculated using a Gaussian superposition of the energy eigenstates given in subsection V B. Unfortunately, the coefficients B, F , G, and H of eqns. 14, 15, and 16 depend in a non-trivial manner on the variables of integration. The resulting integrals cannot be determined in closed form. To facilitate the calculation, the following sums will replace these integrals:
where the peak of the barrier velocity distribution is at V 0 , ∆V is its width, and the sum is from an initial barrier velocity V i to a final velocity V f . Summing over the particle velocity distribution yields the wavefunction for the wavegroup given by
where the peak of the particle velocity distribution is at v 0 , ∆v is its width, and the sum is from an initial particle velocity v i to a final velocity v f . Two cases are now treated: the unbound two-body wavegroup state of a particle and finite well and a similar unbound state of a particle and finite barrier. a. Particle traversing a finite well: KE relative initial > P E. Consider next a particle interacting with a finite well. Their sum of initial kinetic energies in the relative coordinate system is greater than the well P E. The size of the particle substate wavegroup is chosen to be a few times larger than the finite well width D. Fig. 6 shows results of the two-body PDF's for three sequential snapshots taken at equal time intervals progressing along the dashed line from the lower left to upper right and upper left. The analogous classical positions of the particle and finite well for particular snapshots are illustrated in the insets. The barrier boundaries occur at the diagonal white lines, corresponding to x 1 = x 2 ± D. The parameters used in fig. 6 are v 0 /V 0 = 6, ∆v/∆V = 1.5, and M/m = 5. Using the average value of KE relative initial for the wavegroup particle and well distributions, KE relative initial − P E/ | P E |= 1.4 One category of correlated interference, which we call type I, occurs when the incident and reflected two-body wavefunctions 'overlap' when traveling in opposite directions in the (x 2 , x 1 ) plane. This is illustrated in fig. 1 by the fringes of the middle snapshot. A similar effect is found in fig. 6 just to the left of the barrier or line x 2 = x 1 − D when the reflectivity is so small that multiple reflections from the other barrier interface can be neglected. These fringes are spaced by about half the deBroglie wavelength of the particle for M >> m and v >> V as are the similar correlated interference fringes in the two-body reflection of a particle from a mirror given in eqn. 8.
However, the interaction generates another form of correlated interference when the reflected wavegroups, one from each barrier surface, interfere as they travel along the same direction in the (x 2 , x 1 ) plane. This new category of correlated interference, which is referred to as type II, is illustrated in fig. 6 by the peak labeled b. This is the same type of interference from reflections at the two surfaces of the slab modeled as two delta function in section IV. It is similar to the classical interference of a pulse of light reflecting from a thin film.
Changing only the barrier spacing generates an oscillation in the PDF for peak b analogous to that found in the interference of a pulse of light reflecting from a thin film whose thickness varies. That is, this peak goes through constructive and destructive interference from the two barrier reflections when the wavegroup size is much larger than that of the barrier and the spacing D is varied. As time progresses peak b maintains this interference as it travels in the (x 2 , x 1 ) plane. These are the same characteristics of the interference found in the simple two delta function model of reflection from a slab given in section IV and shown in fig. 5 . This differs from the type I correlated interference associated with the fringes shown in the middle snapshot of fig. 6 which is localized to a small temporal and spatial region.
This figure illustrates yet another form of correlated interference, referred to as type III: that from multiple reflections from the two barrier edges, which is shown as the fringes within the well of the middle snapshot of fig. 6 . These are analogous to the standing wave formed in an optical cavity.
b. Particle traversing a finite barrier: KE relative initial ≈ P E. Consider next wavegroups for which some Fourier components of the particle and barrier substates have a total initial kinetic energy in the relative coordinate system which exceeds the barrier potential energy while other components have a total relative initial kinetic energy which is less than the barrier potential. To illustrate the resulting PDF's the size of the particle and barrier substate wavegroups are chosen to be few times larger than the barrier width D. Fig. 7 shows the PDF's from such an interaction using three sequential snapshots, progressing along the dashed line from the lower left to upper right. The speed of the particle and well are illustrated for a classical system of two such particles in the insets next to each snapshot. Again the diagonal white lines correspond to x 1 = x 2 ± D. The parameters used in fig. 7 are v 0 /V 0 = 6, ∆v/∆V = 1.5, M/m = 5. Using the average value of KE relative initial for the wavegroup particle and well distributions, KE relative initial − P E/ | P E |= 0.3 FIG. 7: PDF snapshots for three sequential times vs coordinates (x2, x1) for the particle traversing the barrier. The only difference between the parameters used here and in fig. 6 is the PE which forms a barrier.
This figure also illustrates type III correlated interference but it differs from fig. 6 in that only the first mode is excited. Additionally, this mode decays slowly enough to be visible in the third snapshot labeled as peak d (located between both x 1 = x 2 ± D and peaks b and c in the third snapshot). This peak is analogous to the buildup and decay of electromagnetic energy in a optical cavity. Later snapshots (not shown) illustrate its decay. The peaks labeled b in fig. 7 and fig. 6 are both of type II.
The position of peak c can be compared between figs. 6 and 7 since all parameters are the same except the PE. The location of this peak indicates the effect of the interaction on the relative transit times for the particle and finite well or barrier wavegroup substates.
Again, changing only the barrier spacing generates an oscillation in the PDF for peak b as it does for the well shown in fig. 6 . Also, as time progresses peak b maintains this interference as it travels in the (x 2 , x 1 ) plane. Again, these are the same characteristics of the interference found in the simple two delta function model of reflection from a slab given in section IV and shown in fig. 5 .
D. Measurement of only the slab in the barrier model
As in the delta function model for neutron reflection from a slab, a measurement of only the slab's cm position can be made while making no measurement of the neutron's position. Again, predictions of such effects are given by an average of the joint PDF over the neutron coordinate converting it into a 'one-body' PDF. For peak (b) in the joint PDF's illustrated in figs. 6 and 7, under conditions of destructive interference, such integration results in no probability of measuring only the slab even if the neutron is not measured.
VI. INTERACTION WITH THE ENVIRONMENT
Beyond ensuring wavefunction 'overlap,' observation of interference also requires that the correlation not interact with the environment between the times of reflection from each surface of the slab. One such decoherence mechanism is the emission of infrared photons by the slab during this reflection time. As long as the emission wavelength is large enough to not allow for the location of the slab associated with one of the reflections (3 × 10 −22 m in the example above), then interference is maintained [6] . This robust character of interference for objects with many degrees of freedom is reinforced by measurements which demonstrate that even if the size of the object is larger than both the coherence length and deBroglie wavelength, interference can still be observed [6] .
VII. CONCLUSIONS
The use of reflection to generate perceptible interference in a macroscopic object has been discussed. This involves a microscopic particle interacting with a macroscopic reflector (mirror or slab) to generate two reflector substates of the two-body wavefunction which differ by the momentum exchanged with the particle. Type II interference mitigates the coherence length limitations associated with reflection from a macroscopic mirror and is illustrated both by peaks b in figs. 6 and 7 and by the simpler delta function model of reflection from the two slab surfaces presented in section IV. Total destructive type II interference of the two-body wavegroups corresponds to positions where the particle and slab can never be found. This interference remains for the reflector even if the particle is not measured.
Other topics discussed include: distortion of the two-body wavegroups due to reflection and transfer of coherence between the particle and slab. The latter has potential applicability in transferring the coherence of a cloud of ultracold atoms to a mirror.
Correlated interference in reflection is an example of one of the simplest interferometers, utilizing neither division of amplitude nor division of wavefront methods to generate interference. In addition, path lengths need not be carefully matched for interference to be manifest. This simplicity is perhaps best illustrated by type II interference (which utilizes division of amplitude interferometry) when the particle is not measured. One need only vary the incident particle's energy while measuring only the cm position of the slab to observe interference effects on the slab. The measuring instrument need not have a resolution smaller than the slab's coherence length. The macroscopic slab need not traverse diffraction gratings or beamsplitters. Of course the constraints on coherence lengths and reflectivities discussed above determine the visibility of this interference effect. These theoretical results, although far from being comprehensive, indicate a potential direction for further research in understanding quantum correlation and extending quantum measurements to larger masses.
